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Abstract. Considering a system of coupled non-linear Schrodinger (NLs) equations, we
discuss the integrability properties through Painlevé (P) analysis. For the two coupled
NLS equations, we show that there exists a pair of parametric values possessing the P
property, for which the associated Backlund transformation (BT) and the Hirota bilinearisa-
tion are constructed. These parametric choices are identical to those of Zakharov and
Schulman who established the integrability in terms of ‘motion invariants’. Finally, we
extend the P analysis to the N coupled NLS system, and identify two parametric choices
possessing the P property, which are natural generalisations of the two coupled NLS cases.

1. Introduction

In recent years the singular point structural analysis, leading to the Painlevé (P)
property advocated originally by Ablowitz et al (1980) for non-linear evolution
equations, has played a key role in identifying integrable non-linear dynamical systems
(Chang et al 1982, Ramani et al 1982, Tabor and Weiss 1981, Lakshmanan and
Sahadevan 1985). The objective of the P analysis is to locate the presence of movable
critical points (algebraic and logarithmic branch points and essential singularities)
exhibited by the general solution in the complex time plane, and prove that the solution
is meromorphic (or transformable to meromorphic). The concept of P property has
been appropriately generalised by Weiss et al (1983) to test the integrability behaviour
of non-linear partial differential equations (NpDE). The modified definition is that a
PDE has the P property if its general solution is single-valued about the non-charac-
teristic movable singularity manifold. In other words, if the singularity manifold is
determined by

d(x,1)=0 b (x, t)#0 (1)

and u = u(x, t) is a solution of the pDE, we require that
< .
u=¢° Y us (2)
j=0

where uy# 0, ¢ = d(x, t), u; = y;(x, t) are analytic functions of (x, t) in a neighbourhood
of the manifold (1) and « is a negative integer. The remarkable feature of the P test,
particularly for soliton equations, is that a natural connection exists in relation to the
Lax pairs, BT, integrability, etc, and (2). This Painlevé test has been successfully
performed for a class of non-linear evolution equations in order to show their integrabil-
ity (Weiss 1983, 1984a, b, Steeb et al 1984, Gibbon and Tabor 1985, Gibbon et al 1985).
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In this paper, we consider a system of two coupled NLs equations defined by
X1 = Cxe + 2a 30 x0 + 28 (3a)
iXZr=C2X2xx+27|X2|2X2+2ﬂ|X1|2X2 (3b)

and more generally a system of N coupled equations

N
ixi = Ckaxx+2akk’Xk‘2Xk+2 I; akllX:lsz,

(I1#k)
Q= Ay, kal=l)29"'sN’ (4)

where ¢,, ¢, ¢, @, B, ¥ and a,; are parametric constants and subscripts denote partial
differentiation. For the system (3), Zakharov and Schulman (1982) established the
complete integrability in terms of ‘motion invariants’ by using the degenerative disper-
sion laws for the specific parametric restrictions

a=B=vy 1= 6 (Sa)
a=-B=y € =-c. (5b)

Furthermore, this result can also be proved by deriving the appropriate 1T formalism
(Zakharov and Sihulman 1982 and references therein). In this paper through a
systematic search of P properties (§ 2) of the system (3) we establish that only for the
parametric choices given by (5) is the system free from movable critical singularity
manifolds and thereby integrable. We also derive the corresponding Backlund transfor-
mation and construct the Hirota (1974a, b) bilinearisation (§ 3). As a consequence,
the construction of an N-soliton solution is pointed out. Finally, considering the N
coupled system (4), we show that the P property holds (§ 4) for a certain generalisation
of (5) for which a suitable linear eigenvalue problem is also known to exist (Zakharov
and Manakov 1975).

2. P analysis of two coupled NLs equations

In order to investigate the integrability properties of the system (3), we rewrite it in
terms of four real functions P, Q, R and S defined by y,=P+iQ and y,=R+iS.
Consequently, we have the following equations:

-Q, =P +2a(P’+ Q) P+2B(R*+S*)P (6a)
P, =¢,Qun+2a(P’+Q¥)Q+2B(R*+5%Q (6b)
=S, = ;R +2B(P*+ Q)R +2y(R*+ SH)R (6¢)
R, =8, +2B(P*+ Q*)S+2y(R*+ §)S. (6d)

As usual (Weiss er al 1983), the P analysis consists essentially of three stages: (i)
determination of the leading-order behaviour, (ii) identifying the resonances and (iii)
verifying that a sufficient number of arbitrary functions exists without the introduction
of movable critical singularity manifolds. To start with let us assume that the leading
orders are of the form

P= Pyp™ Q= Qud™ R= Ry S=8,¢% (7)
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where a,, a,, a; and a, are integers to be determined and ¢(x, t) is the singularity
manifold. By using (7) in (6) and equating the most dominant terms we obtain the
unique choice

a,=a;=az;=as=~1 (8)
and

a(P3+Qg) + B(Ro+ 5¢) = —¢1% (9a)

B(P3+Q0)+¥(R3+ 85) = — 0% (9b)

We note that the remaining equations resulting from (6) are identical to the set (9).
Therefore, at this stage we conclude that two of the four functions P,, Q,, R, and S,
are arbitrary without any parametric constraints.

2.1. Resonances

For finding the powers at which the arbitrary functions can enter into the series, we
substitute the expressions

PzPo‘;/’_l"'P;“l’7j_1 QzQOd"l'i'de’j_l
R==R0¢_1+Rj¢j"] Sz50¢‘1+5j¢j_1 (10)

into (6), and comparing the lowest-order terms we obtain a system of four linear
algebraic equations in (P, Q;, R;, §;). In matrix form it may be conveniently written as

[A:()][2]=0 [Q1=(P, Q, R, S)". (11)
To have a non-trivial solution for (P, Q;, R;, S;) we demand that
oj'+4aP]  4aPyQ, 48P,R, 4B8P,S,
det Ay(j) = 4aPy Qo aj' +4aQ) 4.,BQORO , 4BQ0oS,
4BPR, 4BQoRy  c;j't4Y¥R;  4YR,S,
4BP,S, 4BQ0So 4YRoS, c2j' +47S83

=0 (12)

where
J'=0-3j)i

From a knowledge of the basic properties of the determinants we can easily deduce that

det A,(j) =ﬁ(j—3>2(f—3j+4)(j2—3j+C s (Ro+ 53)(617—023)) =0 (13a)
1428 x
and so the resonance values are
_ 3.1 16 s 2
]=_1,090,3,394’—i_ 9- 2(R0+SO)(CI‘Y_C2ﬁ) . (13b)
2 2 0%

Obviously the resonance at j = —1 corresponds to the arbitrariness of ¢(x, 1). Further-
more, for Painlevé the resonances must be non-negative integers. This requirement
leads to the following two possibilities.

Case 1

Clcz¢i=2(R(2)+S<2))(Cl')’_czﬁ) (14a)
and the associated resonances are

j=-1,0,0,1,2,3,3,4. (14b)
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Case 2

(R3+S3)(ery—,B) =0 (15a)
and so (13b) reduces to

j=-1,0,0,0,3,3,3,4. (15b)

Thus we have isolated two sets of resonances given in (14) and (15) and the parametric
constants obey (9).

2.2. Arbitrary functions

For computing the arbitrary functions at the resonance values we now introduce the
following series expansions,

4 4 .
P=~pPy¢~'+ ) Po' Q=Qu '+ Y Qo'
j=1 Jj=1
) ) (16)
R~R.,p™'+ ) R’ S=Sep '+ Y S’
j=1 =1

into the full equations (6). We shall discuss the evaluation of arbitrary functions of
the cases 1 and 2 separately.

2.2.1. Case 1. From equation (14), we have the resonances at j=-1, 0,0, 1, 2, 3, 3,
4. Tt is obvious that the arbitrary functions P,, Q, (say), pointed out in the earlier
discussion correspond to the resonance values 0, 0. However, further calculations
show that none of the functions P,, Q,, R, or S, is arbitrary. Hence we conclude
that the associated series solution will have a lesser number of arbitrary functions only
and so the resulting solution does not correspond to the general solution.

2.2.2. Case 2. Here the resonance values are j =—1,0,0, 0, 3, 3, 3, 4 and the parameters
satisfy the condition (R3+ S3)(¢,y — c,8) = 0. From the leading-order analysis we have

a(Pi+ Q3 +B(RI+S3) =—c, b B(P+Q3)+ y(R+ S3) = —c 07

where the functions P, and Q, are arbitrary. Furthermore, for the P property we
demand that the function R, (or S;) be arbitrary in addition to P, and Q,. This is
possible only for the following two parametric restrictions,

a=B=y G =¢ (17a)
a=—-B=vy G=—0C (17b)

which are identical to (5) obtained by Zakharov and Schulman (1982).
Proceeding further with the choice (17a), and equating the coefficients of
(72, ¢7% 072 ¢77) to zero, when (16) is used in (6), we obtain (after simplification)

2(2aPi—c,¢2) 4aP,Q, 4aPyR, 4aP,S, P,
4aP,Q, 2(20'0(2)_ Cld’i) 4aQyR, 4aQ,S, Q
4aPyR, 4aQyR, 2(2aR%~c,¢3) 4aR,S, R, |~ [X]
4aP,S, 4aQ,S, 4aR,S, 22aS5—c,62)] LS,

(18a)
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where the column matrix [ X] is given by

Qo +2¢, Poxbx + ¢, Pohrs
— Py, +2¢,Qoxdx + €1 Qo bxx
Soth: +2¢, Roxbs + €1 Rohrx
— Ry, +2¢;Spxx + €, SoPix

(X]1= (18b)
By solving (18) for a unique solution, we find, after completing the next two stages, that
P =0Q,=R=8§,=0 [X]1=[0] (19)

Similarly by comparing the coefficients (¢ ', ¢, ¢ 7%, ¢~ ') in (6), we see that the
functions P,, Q,, R, and S, vanish and P;, Qy, R, and S, satisfy

Qo t ¢ Por =0 (20a)
Py —¢1Qoxx =0 (20b)
Soi Tt Roxx =0 (20¢)
R, — €S0 = 0. (20d)
On the other hand the coefficients of (¢°, ¢°, ¢°, ¢°) in (6) reduce to a single equation
PyPy+ QuQs+ RoRy+ 5,5;=0 (21)

so that three of the four functions P;, Qs;, R; and S, are arbitrary. In a similar way
we easily verify that any one of the functions P,, Q,, R, and S, is arbitrary, provided

Q3¢ +2¢, Pyt ¢, Py =0 (22a)
Py, ~20,Q3x¢: = €1Q30 =0 (22b)
S:¢0,+2¢,Raxde + ¢ Ry =0 (22¢)
R3¢ —2¢, S5, — €1 S3¢5, =0 (22d)

hold. Thus the P property is satisfied for the parametric restriction (17a).

In an altogether analogous way we check that the two coupled NLS equations (3)
possess the P property for the choice (17b) also, but we refrain from giving the details
here. Finally, we verified that for each one of the parametric choices (17a) and (17b),
the other solution branch associated with the resonance (14b) (case 1) admits only a
lesser number of arbitrary functions and is free from movable critical singularity

manifolds. Thus equations (3) indeed possess the P property only for the Zakharov-
Schulman choices (5).

3. Biacklund transformations and the Hirota bilinearisation

In order to derive the BT of the above two P cases, we truncate the series (16) up to
a constant level term, that is, P, Q;, R; and §; are equal to zero for j=2, Thus the
associated BT leads-to

P=P0¢_1+P1 Q=Qo¢_l+Qx
R= R0¢_1+R1 S= So¢—l+51 (23)
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where Py, Q,, R, and S, satisfy the equations (6). We check then that if P,, Q,, R,
and S, satisfy (18) and (20), then P, Q, R and S are indeed solutions to (6). Considering
the special case P,=Q,= R, =S, =0, and using (23) in (6), we obtain the following
equations for the parametric choice (17a):

[2C1(¢i - ¢¢xx) +2ar]P0 = [QO:¢ - QO¢! + CI(POxx¢ + P0¢xx '-2P0x¢x)]¢) (240)
[2cl(¢i - ¢¢xx) +2aF]QO = [P0¢l - P0!¢ + cl(QOxx¢ + Qod)xx _2QOX¢X)]¢ (24b)
[2cl(¢i - ¢¢xx) +2aF]RO = [SO!¢ - SO¢! + CI(RO)cxd7 + Rod)xx _2R0x¢x)]¢ (240)
[2¢1(% — ¢dex) +2aT1So =[Rodb, = Roip + €1(Soxxtd + Sotbax = 250:6x)19 (24d)
where

I'=P}+ Q3+ R:+Sa.

Equation (24) can be rewritten in terms of Hirota’s bilinear operators (Hirota 1974a, b)
in the following way:

(—e;Digp- ¢p+2al)Py+(D,Qod + ¢, D2Pyp)p =0 (25a)
(D3¢ ¢ ~2aT) Qo+ (D,Podp — c; D3 Qo) =0 (25b)
(—e; D3¢+ ¢ +2aT)Ry+(D,Sodp + ¢, D Rop) b =0 (25¢)
(¢yDi¢- ¢ —2al)S,+(D.Rydp — ¢, D2Sy¢p)p =0 (25d)

where the D operators are defined by

3 3a\"'(a a\™
DIDYf-g=|—-—=) { ——— ,t)g(x, t '=xt'=t
DS e (at az’) (ax ax’) Jx 0glx 1) atx'=x

Equations (25) can also be decoupled as

(aDi-p)¢- ¢ =2al (26a)
D,Qo + ¢; D3Py — uPop =0 (26b)
~D,Py¢ + ¢, D3Qo — Qo =0 (26¢)
D,So¢p+ ¢; D3Ry — nRyd =0 (26d)
—DRy¢p + ¢, DiSodp — uSodp =0 (26¢)
where u is a constant to be determined. In particular, from equation (26a), we have
P2+Qz+R2+52=§(clai:5mg¢—§). 27)

Now expanding the functions ¢, P, Qo, R, and S, as power series (Hirota 1974a, b)
and using them in (27), we can construct the N soliton solutions in the usual way.
Furthermore, we have checked that the above Hirota bilinearisation holds good for

the parametric choice (17b) also, except for the fact that (27) now has to be replaced
by

1 & M
P+ Q°—(R*+ 5§ =—( — ——).
Q" —( ) 2 claleogtb 5
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4. P analysis of the N coupled NLs system
In the previous sections, we discussed the P analysis of two coupled NLs equations

and identified two specific P cases. In this section we extend the P analysis to the N
coupled NLs system given in (4), whose Hamiltonian is of the form

© N N N

e[ (2 b+ £ aubuts 3 aulhof)ox o9
—o0 \k=1 =1 =1
(k#=1)

For application of the P analysis to the system (4), we rewrite it as

N
—Qu = CPusx + 21 (Pi+ Q) P +2 IZ au(Pi+ Q1) P, (29a)
Uk
& 2
Py = ciQuux + 2 (PR + Q1) Qi +2 IZ au(Pi+ Q1) Q« (29b)
(Umk)
where
Xie = P +iQy k=1,2,..., N.

Now we assume that the leading orders are of the form
Py = Py’ Qi = Quod™>* k=1,2,...,N (30)

where 8,, and B, are integers to be determined. For this, we substitute (30) into (29)
and equate the most singular terms to obtain

Bik=PBau=-1 (31a)
and
N
akk(Pi0+ Qio)"' IZ akl(P?0+Q%0)=_ck¢i k=1,2,--~,N- (31b)
=1
(I=k)

Here also we note that the 2N equations resulting from (29a) and (29b) reduce to N
equations (31b). Thus we infer that N functions out of the 2N functions of P, and
Qo are arbitrary.

As before, carrying out the resonance analysis (see, for example, Lakshmanan and
Sahadevan 1985), we obtain 4N resonance values and, computing the associated
arbitrary functions, we find that the series type solution is free from movable critical
singularity manifolds only for the following specific parametric restrictions:

Qi = Ay ¢ =Cp ('32‘1)
Qg = — Qg € =—Cpp klm=12,... N (k#lI). (32b)

We shall briefly outline the details below for the choice (32a), while the procedure is
analogous for (32b).

It is easy to check that the associated resonance values can be written as

j=-1,0,0,...,(2N—1) times, 3,3,..., (2N —1) times, 4. (33a)
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To evaluate the required (4N —1) arbitrary functions, we substitute

4
Po=~Pod '+ Y Pku(f’s“_l
=1

4 (33b)
Qu= Qo '+ Zl Q™' k=1,2,...,N

in the full equations (29). Obviously the parametric constraint (32a) further reduces
the N equations in (31b) into a single equation and so (2N —1) functions of P,, and

Quo, k=1,2,..., N, become arbitrary. Now by equating the coefficients of
(6%, ¢7%...,06 D and (¢7',67',...,¢ ") to zero in (29), we find that Py, Q,,
k=1,2,..., N; u=1, 2 vanish, provided

Qrod: +2¢, Pod+ ¢, Peobo =0 (34a)

Prod, +2¢,Qobx — €y Quodbxx =0 (34b)
and

Qk01+clpk0xx=0 (35(1)

PkO!_CIQkOXX=O k=1’25"'1N (35b)
hold respectively. Furthermore, the comparison of the coefficients (¢°, ¢°, ..., ¢°)
in 2N equations of (29) gives rise to a single equation

N

kZ (PreoPrist QuoQus) =0 (36)

=1
and hence (2N —1) functions of P,y and Qi3, k=1,2,..., N are arbitrary. In a similar

manner we can easily verify that either one of the functions of P, or Qy, is arbitrary,
while the remaining functions are expressible in terms of the others if ¢, Py; and Q;
satisfy the following:

Qusd: +2¢ Pisxbs + ¢ Py e =0 (37a)
P, =201 Qi — ¢, Q3 ux = 0. (37b)

Again we checked that for each one of the parametric choices (32a) and (32b),
the remaining solution branch possesses only a lesser number of arbitrary functions
and also verified that it does not introduce any movable critical singularity manifolds
as in the case of the two coupled NLs equations system. Thus the N coupled NLs
equations (29) possess the P property for the parametric choices (32a) and (32b) and
so are integrable. It is also interesting to note that complete integrability has also been
proved for the above parametric choices (32a) and (32b) through the knowledge of
linear eigenvalue problems (Zakharov and Manakov 1975) and also by deriving an
infinite number of commutative Lie-Backlund transformations (Zhiber 1982).

5. Discussion

In this paper, we systematically analysed the P properties of a two coupled NLs
equations system and showed that there exist two Painlevé cases, which are integrable.
Also, the associated BT and their connection with Hirota bilinear formalism was
explored, so that N soliton solutions could be constructed. Finally, we applied the P
analysis to the N coupled NLs equations system and identified two P cases, which are
the natural generalisations of two coupled NLS equation cases.
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